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The amplitude of the Bohm-Aharonov oscillations of a particle moving around a ring threaded 
by a magnetic flux and coupled to different dissipative environments is studied. The decay of 
the oscillations when increasing the radius of the ring is shown to depend on the spatial features 
of the coupling. When the environment is modelled by the Caldeira-Leggett bath of oscillators, 
interference effects are suppressed beyond a finite length, even at zero temperature. A non trivial 
renormalization of the Aharonov-Bohm oscillations is also found when the particle is coupled by 
the Coulomb potential to a dirty electron gas. A finite renormalization of the Aharonov-Bohm 
oscillations is obtained for other models of the environment. 



I. INTRODUCTION 



tion at low temperature] 
lead to different result! 



Phase coherence in metallic systems has been exten- 
sively studied since experiments suggested that the de- 
phasing time, T0, seemed to saturate to a constant value 
at low temperatupesD, in apparent contradiction with the 
accepted theorytm. It has been argued that voltage fluc- 
tuations lead to a depha^g time consistent with satura- 

althouffh related calculations 
(see alsoH). 

Comparison between the different calculations of the 
dephasing time of low energy electrons in metals is ob- 
scured by the various approximations required to deal 
with the interactions and quenched disorder. The cause 
of dephasing, however, is the existence of a dynamic en- 
vironment interacting with the electrons. A simpler situ- 
ation is presented when the environment is different from 
the particles whose dephasing is being studied. Even if 
that is the case, in a many particle system the environ- 
ment induces interactions between the particles. Thus, 
the simplest case when dephasing at low temperatures 
can be studied is that of a single particle coupled to an 
external dissipative environment. The problem can also 
be relevant to studies of quantum effects in heavy parti- 
cles at metallic surfaces. 

We will study here he amplitude of the Aharonov- 
Bohm oscillations of the particle moving around a ring of 
radius R threaded by a magnetic flux <F This quantity 
provides information about the suppression of quantum 
interference due to the environment. We will not attempt 
to define a dephasing time. On the other hand, the de- 
pendence of the Aharonov-Bohm oscillations on the ra- 
dius of the ring allows us to define, in certain cases, a 
length scale, R$, beyond which the oscillations decay ex- 
ponentially or have a gaussian dependence on the radius. 

The simplest quantity which can be studied which de- 
pends on the flux is the free energy. At zero temperature, 
and in the absence of dissipative effects, the amplitude of 
the oscillations of the energy as function of $ is of order 
ft 2 /(MR 2 ), where M is the mass of the particle. The 
power law dependence of this scale on the length of the 
path of the particle can be interpreted as the absence of a 
typical length for the suppression of quantum coherence 
effects, at zero temperature. 




FIG. 1: Schematic picture of the system studied in the text. 
A particle interacting with a dissipative environment moves 
around a circle of radius R. The circle is threaded by a mag- 
netic flux, $. 



In the present work, we estimate how this amplitude 
is changed when the particle is coupled to a dissipative 
bath. The next section presents the model used to ana- 
lyze this problem. Section III discusses specific results for 
five types of dissipative. environments: i) The Caldeira- 
Leggett harmonic batbH (a closely related aspect of this 
model was analyzed ir£3) , ii) Dissipation with a periodic 
spatial dependence (the dissipative quantum rotonid), iii) 
Dissipation with a gaussian spatial dependence (the DVD 
mode£3), iv) Dissipation induced by a local coupling to 
the low energy modes of a clean metallic systemtj, and v) 
Dissipation induced by the excitations of a dirty metallic 
system. Section IV presents the conclusions. 
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II. THE MODEL. 



Two extensions of the kernel in eq 



{§} areEH: 



We assume that the degrees of freedom in the environ- 
ment can be integrated out, leading to retardation effects 
in the equations of motion of the particle that we are in- 
terested in. These effects are best studied using the path 
integral formulation of quantum mechanicsEj. Then, the 
action associated to each path of the particle, in the ab- 
sence of a magnetic flux, can be written as: 



W*a(£) ,+ /**'*i*M- Jf M 



(i) 



where M is the mass of the particle, and X(r) is its po- 
sition at time r. The kernel K (X, r) includes the infor- 
mation about the environment and its interaction with 
the particle. At long times, one has: 



K(X,t) 



K{X) 



(2) 



K(X,t) 



K(X,t) 



a sm 2 [X/{4irL)} 
2^ V 2 

7 ;2 e -X*/(2l) 

2^h T 2 



(4) 



In the first case, the macroscopic friction coefficient is 
7 = (ha)/(4:TrL) 2 . In the second case, I is a length which 
defines the spatial range of the interactions mediated by 
the environment. 

When the coupling between the particle and the en- 
vironment is weak, one can use perturbation theory. In 
this work, we will study the coupling of the particle to a 
metallic system by means of a local potential of strength 
U and range a: 



where K, depends only on the spatial coordinates. 

A ripple choice is given by the Caldeira-Leggett 
model! 



Hint = U / d A vT 



Rl 



p(r) 



(5) 



K(X,t) 



7 X 5 
2~^n7 2 



(3) 



and JC(X) = (jX 2 )/ (2irh), where 7 is the friction coeffi- 
cient which describes the dynamics of the particle when 
n -> 0. 



where R is the coordinate of the particle, p(f) is the 
density operator of the electron gas, and T(u) ~ if 
U ^> 1. This coupling leads to a retarded interaction 
along the path taken by particle. Using second acder 
perturbation theory, this interaction can be cast asE3: 



El 

2irh 



dTdT , d 3 rd 3 r , dud 3 kJ ; 



|R(r)-r| 



ts ik(?-r') iw(r-r') 



X(k,w) 



(6) 



r 



where w) is the density-density correlation function The action, eq.{|l|}, can be expanded in circular harmon- 
of the metal. ics as: 

The coordinate X of the particle will be restricted to 
lie within a circle of radius R, so that the motion can be 
also described in terms of the angle 9(t), as schematically 
shown in Fig.jlJ. In terms of this angle, we have: 



RW-R(r') 



= 2i?sin 



(7) 



2 J n[fl(r)-fl(r')] \ 

s r , mr 2 fdoY f , , sm ( 2 } 



dr- 

h J 2h \dr 



JdTdT'J2a n l |T _ r/|2 J (8) 



where the a„'s are dimensionless constants, given by: The action in eq.{^} resembles closely the quantum ro- 
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a "=27 



d9e my lC[2Rsm(0/2)} (9) 
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tor modelQ studied extensively in relation to Coulomb 
blockade in normal tunnel junctions!!^. In the present 
case, the short range interaction is related to the energy 
scale % /(2MR 2 ). When studying the quantum rotor 
model in the context of mesoscopic junctions, this scale 
corresponds, at the same time, to the charging energy of 
the junction, Ec, and to the upper cutoff in the spec- 
trum of the environment coupled to the variable under 
study. In the present case, the equivalent to Ec depends 
on the radius of the ring, R, and the two scales should be 
kept separate. Thus, and following the conventional no- 
tation for tunnel junctions, the model in eq.{|^} contains 
two scales, E c = h 2 /(2MR 2 ), and an energy, Ao, which 
defines the short time cutoff in the kernel in eq.{||}. We 
will assume that Ec *C Ao. 

In order analyze the problem, we extend the_Renor- 
malization Group approach initially discussed inll3 to the 
action in eq.{||}. We need to consider the scaling of the 
parameters {a n }, and, for completemess, we also con- 
sider the renormalization of the dimensionless coupling 
Ec — Eel 'A due to the high energy excitations of the 
environment. We lower the effective high energy cutoff 
from A to A — dA, and rescale the dimensionless param- 
eters Ec and {a n }. Ths leads to the equations: 



dEc 
dl 

da n 
dl 



Ec ~ ci ^2 n 2 a n E c 

n 

1 n 2 a n 



2* 2 C2 E^ + £ 



(10) 



If k ^> 1, the renormalization of Ec is determined 
by the coupling to the environment, and only when this 
coupling flows towards zero Ec can approach unity, the 
scale at which Ec ~ 1 implies that: 



E r c en ~ A 



oe 



-E^K, - 

c e 



A 



oe 



-\/E° c 



(14) 



where A is a contant. 

The contribution to the action from the magnetic flux 
threading the circle is a topological term, which can be 
written as: 



5S_ 



(It 



(15) 



where $o is the quantum unit of flux. This term en- 
ters in the effective action in the same way a gate volt- 
age is included in the correponding problem of tunneling 
in a sma fi ii UE Ction, which has also been studied in the 
literaturet£ltL3. It is known that the fluctuations in the 
free energy at low temperatures are determined by the 
renormalized value of E c en . In the following, we will 
assume that the amplitude of the Aharonov-Bohm oscil- 
lations in the free energy of a particle moving around a 
ring are also determined by E c en , as calculated using the 
scaling equations |[l0|}. This scale is given in eq.{|3l|} or 

eq.{|§, where E° c a 



III. RESULTS. 



where I = — log(A) and c\ are C2 are constants of order 
unity. The scaling equation for Ec ceases to be valid 
when Ec ~ 1. The renormalization of the {a n }'s is only 
significant when Ec ~ 1. In addition, the equations for 
the {a„}'s must be halted when J2 n n 2 a n ~ 1. We can 
write the second equation in {|l0|} as: 



dl 



1 



2ir 2 c^Ec 1 



J2 » 2(i « 



(ii) 



The equation which determines the flow of Ec shows 
two regimes, depending on whether 



E°c 



(12) 



is smaller or greater than one. When k«1, the absolute 
value of Ec is not changed by the renormalization of the 
modes with energies between Ao and Ec itself. In this 
case, Ec defines the cutoff of an effective theory where 
the only couplings left are the {a ra }'s, in a similar fashion 
to the usual case studied inlii This is the situation which 
is most relevant to the calculations to be performed in the 
following. The effective low energy scale is the given by: 



Tpren 



Ec exp 



-2tT 



(13) 



A. Caldeira-Leggett model. 

The dynamics of a quantum particle around a ring, 
using the Caldeira-Leggett bath of oscillatoxa as a model 
for the environment, has been considered ir£3. The anal- 
ysis presented here of the Ahajjonov-Bohm oscillations is 
consistent with the results ir£3. 

For the present model, the coefficients in the harmonic 
expansion in eq.{@} reduce to: 



= s n . 



1 R 2 



(16) 



and the parameter in eq.{[12|} is K ~ (fvy)/(MAo) -C 1. 
We recover the quantum rotor in its simplest version. 
Using eq.jO}, we find: 



E c e 



MR 2 



(17) 



The Aharonov-Bohm oscillations will show a gaussian de- 
cay as the radius of the ring is increased. Thus, quantum 
interference effects are suppressed beyond certain length, 
R<t» ~ VW/l)- This suppression of the Aharonov-Bohm 
oscillations are in qualitative agreement with the vanish- 
ing of the Landau diamagnetism of a particle interacting 
with-a, Caldeira-Leggett bath of oscillators in a magnetic 
fieldlia, at zero temperature. In the language used inta, 
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our results suggest that, in a conatant magnetic field B, 
the properties of the system at zero temperature are a 
function of the dimensionless ratio ("ir 2 )/h = (-yc)/(eB), 
where r c is the cyclotron radius. This gaussian suppres- 
sion of the Aharonov-Bohm oscillations at zero tempera- 
ture is consistent with the similar suppression of interfer- 
ence effects between time reversed paths discussed mlI9. 

Note that, asa~ 0(R 2 ), the scaling equations, {[H~ 
are valid for large values of R. 



B. The dissipative quantum rotor. 

We now consider the retarded interaction described in 
eq.{[|}. The spatial dependence of the kernel allows for 
only one Fourier component, so that the decomposition 
needed in eq.{||} becomes: 

a„ = a5 nt n (18) 

where a is the dimensionless constant in eq.{^]}, and n — 
R/L, where L is the period of the kernel. The parameter 
in eq.{0} is_K_- (ah 2 ) / (M L 2 A ) < 1. 



Using eq.{|13|}, wc find 



MR 2 



(19) 



Hence, the Aharonov-Bohm oscillations show the depen- 
dence on R as in the non dissipative case, although the 
coupling to the environment leads to a finite reduction of 
the amplitude. 



C. Coupling via a kernel with a gaussian 
dependence on distance. 

This modelEl is defined in terms of a kernel, eq.{||}, 



JC(X) = —e 

Z7T 



7^ 2 „-X 2 /(2l 2 ) 



(20) 



where 7 is the friction coefficient, and / is a length which 
characterizes the spatial correlations in the bath. 

We now use X — 2i?sin(0/2), and perform the Fourier 
transform in eq.{^} using the saddle point approxima- 
tion, to obtain: 



7Z 2 / I 



(21) 



ft \R, 

The parameter k in eq.{|l2]} is: 

ji 2 h 2 A 

K ~iriiR 2 

where A is the high energy cutoff of the environment. 
We have k«1 when R^> I. The renormalization of the 
Aharonov-Bohm oscillations is given by: 

*2 . . 



(22) 



1/ rtll 



MR 2 



(23) 



The amplitude of the Aharonov-Bohm oscillations is re- 
duced by a finite factor. 



D. Coupling to a clean electron gas. 

The density-density correlation function of a three di- 
mensional electron gas can approximately be written, at 
low frequencies, as: 

^ ^1-1) (24) 

K ' 2n 2 (h 2 /m) 2 \k\ \ 2k F ) y ' 

where m is the electron mass, kp is the Fermi wavevector, 
and 9(u) is the step function. The high energy cutoff is 
Ao ~ Ep ~ (h 2 kp) / (2m) , where Ep is the Fermi energy. 
The interaction term in the effective action, eq.{^}, can 
be written as (see eq. {|j}): 



2irn ' 



where: 



/C(|R| 



(T-T'f 



(Ua 3 ) 2 l-cos(2fc F |R| 



2Tr 2 (h z /m) 2 



IRI 2 



(25) 



(26) 



and we are assuming that kpa^S> 1. We perform the 9 in- 
tegration in eq.-j^} using the saddle point approximation, 
and we obtain: 



(Ua s ) 2 k 2 F c _ (3n 2 )/(kFR) 2 
(h 2 /m) 2 (k F R) 



(27) 



and, finally, we can approximate: 

(Ua 3 ) 2 k F S , „ 

a ^wji^^^ n<<kFR (28) 

where we are defining the phaseshift 5 induced by the 
particle on the states near the Fermi level of the electron 
gas as: 



(Ua 3 ) 2 k F 



(29) 



Using eq.{|28j}, we obtain: 

^Va„ ~ S(kpR) 3 

n 

^Va„ ~ 5(k F R) 5 



(30) 



and the parameter in cq.{|l2|} is n ~ (h 2 k F /(MEp) <C 1. 
Using equation {131}, we find: 



Ec ~MR? e 



(31) 



Hence, the amplitude of the Aharonov-Bohm, as in the 
quantum rotor case, is reduced by a finite factor as 
R — > 00. Similar results can be obtained using the re- 
sponse function of the two dimensional electron gas. The 
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qualitative features of the RPA response function used 
here are generic to the response of a clean electron gas, 
whose low energy excitations can be described in terms 
of Landau's theory. Finally, the results presented in this 
subsection remain valid if the local coupling between the 
particle and the electron gas is be replaced by a screened 
electrostatic potential. If we assume that the charge of 
the particle is e* and the charge of the electrons is e, the 
expression Ua 3 in eq.{29| has to be replaced by e*ek F T, 

where kpT = \J {Ae 2 mk F ) / {itU 2 ) is the Fermi-Thomas 
wavevector. 



E. Coupling to a dirty electron gas. 

In this case, the susceptibility is given by: 

£>|kl 2 



X(k,w) w v 



ioj + D\k\ 2 



(32) 



where D is the diffusion coefficient, D ~ vpl ~ 
(hk F l)/m, I is the mean free path, and v is the den- 
sity of states. This expression is valid for |k| <C £ _1 , 
and uj -c Ao ~ (TiD)/l 2 . In the following, we consider 
separately the case when the coupling between the parti- 
cle and the electrons is by means of a local potential, as 
generically described in eq.{^}, or by a screened Coulomb 
potential. Unlike in the case of a clean electron gas, dis- 
cussed in the previous subsection, the two situations are 
not equivalent. 

i) Coupling by a short range potential. 

The time dependence of this kernel is not a simple 
power law. The function K(X, r) in eq.{^} becomes: 



3\2 



K(X, t) ~ v(Ua*) 



-Dt + X 2 



-X 2 /(Dr) 



(33) 



We can now take X — 2Rsin(0/2), and decompose {|33|} 
in circular harmonics. Using the saddle point approxi- 
mation to perform the integral over 9, we obtain: 



K n (r) 



u{Ua 



:S\2 



TiDR 



n 2 D 



-{Dm 2 )/R 2 



r 



k F Rl 



n 2 D 



-{Dm 2 )/R 2 



(34) 



We have defined, as in the previous subsection, the phase- 
shift as 5 ~ (U/E F ) 2 (k F af and v ~ kp/E F . The 
terms in eq.{Q} decay exponentially for values of r larger 
than E T Y ~ [(TiD) / R 2 ] -1 , where E T can be defined 
as the Thouless energy for the electrons moving around 
paths comparable to the ring. Hence, in the more phys- 
ical regime, Et ^> Ec — Ti 2 /{MR 2 ), or, alternatively, 
(kpl)(M/m) ^> 1, the effect of the environment is ex- 
ponentially suppressed, and there will be no significant 
renormalization of the Aharonov-Bohm oscillations. 

ii) Coupling by the Coulomb potential. 

In this case, one has to replace the product 
(£/a 3 ) 2 x(k, uj) used previously by: 



where e* is the charge of the particle, and e that of the 
electrons. The kernel which describes the retarded inter- 
actions decays as r~ 2 at long times. The spatial depen- 
dence of the kernel /C, as defined in eq.{||}, becomes: 



JC{X) 



d J k- 



|k|<i" 



sin(|k|A) 
UDvM^X 



(36) 



Im 



47ree* 



■ 47ree*x(k, uj) 



\k\ 2 Dv 



(35) Setting X = 2R\s'm(9)/2\, and performing the Fourier 
tranform defined in eq.{|^}, we obtain: 



d J k- 



|k|<i- 



|k| 3 i? 



D -n 2 /(\k\R.) 2 



k ^' 1 dk 
k^n/R. k 
I 



E^log^) n«R/l 
7i > R/l 



(37) 



The parameter k defined in eq.{|l2]} is k ~ this case: 
(MR)/(hvDl 2 ) > 1. The renormalization of E c is, m 



MR 2 \R 



~/(k F l) 2 



(38) 
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where c is a constant of order unity. 

IV. CONCLUSIONS. 

We have analyzed the Aharonov-Bohm oscillations in 
five specific models for a particle coupled to different 
models of dissipative baths. In most cases, these oscil- 
lations are suppressed by a factor which can be written 
as e~ c ^ 7 ' where 7 is the macroscopic friction coeffi- 
cient, I is a length which characterizes the spatial range 
of the interactions induced by the environment, and c is a 
constant. This factor is independent of the radius of the 
orbit, R. This is the case, for instance, when the particle 
is coupled to a clean electron gas, where I ~ kp 1 . 

However, when the environment is the Caldeira- 
Leggett bath of oscillators, the renormalization of the 
amplitude of the oscillations has a gaussian dependence 
on the radius of the circle in which the particle moves, 
and the suppression factor mentioned in the previous 
paragraph becomes e - ^ 7 ^ Hence, quantum inter- 
ference effects become negligible beyond a certain length, 
Rtf> ~ \f^hli where 7 is the friction coefficient. A less 
divergent suppression is also found for a charged particle 
coupled to a dirty electron gas, where the dependence 
of the Aharonov-Bohm amplitudes is a power law, al- 
though different from the value obtained in the absence 
of the environment. 

This diverse behavior in different models arises from 
the spatial range of the retarded interaction induced by 
the environment. This difference is lost in the classical 
limit, which is attained at sufficiently high temperatures. 

When the thermal length, Lt ~ \J h 2 /(MT), is much 
shorter than the range of the retarded interaction, the 
effects of the environment can be expressed in terms of an 
effective friction coefficient, provided that the interaction 



in time decays as r -2 at zero temperature, as in most 
cases considered here. 

The suppression of interference effects, when it exists, 
is due to the formation of a screening cloud around the 
particle, with contributions from the high energy modes 
of the environment. The effect can be cast in terms of 
the existence of a Franck-Condon overlap factor which 
suppresses quantum interference effectsEJj. This factor 
can depend on the length of the path of the particle 
around the magnetic flux, leading to the suppression of 
the Aharonov-Bohm oscillations. This interpretation is 
consistent with the fact that the same renormalization 
enters in the effective mass of the particle. The con- 
ductance can be defined as a function of the .sensitivity 
of the ground state energy to a magnetic fluxEl Hence, 
the Franck-Condon factor discussed here also reduces the 
conductance. 

Finally, it is worth noting that the divergence of the 
renormalization of the effective mass which appears with 
the suppression of the Aharonov-Bohm oscillations im- 
plies a qualitative change in the propagator of the parti- 
cle. The "quasiparticle peak " at zero momentum, which 
characterizes the propagator of a free particle in the 
ground state, is replaced by an incoherent background. 
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